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Abstract The main purpose of this paper is to study the asymptotic property of the k- 
power complement numbers (where k > 2 is a fixed integer), and obtain some 
interesting asymptotic formulas. 
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81. Introduction 


Let k > 2 is a fixed integer, for each integer n, let C(n) denotes the small- 
est integer such that n x C(n) is a perfect k-power, C(n) is called k-power 
complement number of n. In problem 29 of reference [1], Professor F. Smaran- 
dache asked us to study the properties of the k-power complement number se- 
quences. Let n = p{''p5? ---p¢*, we define two arithmetic function D(n) and 
I(n) similar to the derivative and integral function in mathematical analysis as 
follows: 


D(n) = D (p{") D (p3?)--- D(p$*), Dp) = ap*" 


and 


1 
T = T (yp) I (p82) «+ TE (p% T(y®) = atl 
(n) =I (pt") T (po?) --- Ls") 5 (Pa 
In this paper, we use the analytic method to study the asymptotic properties of 
the functions D(n) and I(n) for the k-power complement number sequences, 
and obtain some interesting asymptotic formulas. That is, we shall prove the 
following conclusions: 
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Theorem 1. For any real number xz > 1, we have the asymptotic formula 


2k-1 
sopte 
+O (a ) : 


where ¢ denotes any fixed positive number. 
Theorem 2. For any real number x > 1, we have the asymptotic formula 


5 1(C(n))d(C(n)) 
Bc(h(k-+1)) <0 p (Eph 

- (k+ lyr II (: + p+l (>. peti xis) 
+40 (gar) 


where d(n) = > 1 is the divisor function. 
d|n 


§2. Proof of the theorems 
In this section, we shall complete the proof of the theorems. Let 
= 1 
GO) So aaeaae 
far D(C(n))ns 


Because D(n) and C(n) are all multiplicative function, so from the Euler prod- 
uct formula [2] and the definition of D(n) and C(n) we have 
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where ¢(s) is Riemann zeta function. Obviously, we have the inequality 


i = 1 1 
Day! S | Deane ST 


where o > i is the real part of s. So by Perron formula [3] 


ss a(n) 


2 nso 
b+iT Ss b 
= =f f(s4 sp) ds+O|~ p20) 
210 Jo—iT Ss T 


+O (21H (20) min(1, “6*)) +O (2 HW) min(1, ip) : 


where N is the nearest integer to x, ||z|| = |a — N|. Taking so = 0, b = 


a 
ioe seg = yt aR, H(z) = 1, B(c) = Fae we have 
=i 


> Dew) 
_ 1 set ¢(ks)¢((k- 1)s) ,, , 28 
~ Qin Vie H(ak= He) os 


2k-1 
spate 
+O (2a ) : 


where 


To calculate the main term 


1 eae G(ks)C((k — 1)s)a° 
Qin i417  C((2k — 2)s)s 


we move the integral line from s = 1 + mo +iTtos= i + IKESD +77. 
This time, the function 


: : ; : kK-l)Q( gr 
have a simple pole point at s = 4 with residue (3) 
So we have 


it es 1 1 ; 1 1 : io. 
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C(ks)¢((k — 1)s)e 
(kB Hee 


k * 
= 1)¢ (et) =i 14 Pp = 1 
¢(2) e Pre, (k — i)pk-1-i . pra 
We can easy get the estimate 
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< pet meSD re. 
Note that ¢(2) = ~ we have 
1 
1 _ 6(k~1)¢( gay) eT _p_ynk-2 1 
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This completes the proof of Theorem 1. 
Let 


n 
from the definition of [(n) and C(n), we can also have 
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1 k k-1 
coos) (1 ate — ee | 
: p p 


C(ks)C(s — k) peek Pee ~ 3 
orca (1+ tery (x ps x): 


1=2 


Now by Perron formula [3] and the method of proving Theorem 1, we can 
also obtain Theorem 2. 
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